A ranking method assigns to every directed graph a (weak) ordering of the nodes. In this paper, we axiomatize the ranking method that ranks the nodes according to their outdegree. This method generalizes the ranking by Copeland score for tournaments as characterized in Rubinstein
Introduction
A directed graph-or digraph-is a pair (N; D) where N = {1; : : : ; n} is a ÿnite set of n nodes and D ⊂ N × N is a set of arcs on N . We only consider digraphs (N; D) that are irre exive, i.e., (i; i) ∈ D for every i ∈ N . Since we assume the set of nodes N to be given, we may represent each digraph (N; D) by its binary relation D. The family of all digraphs on N is indicated by D. Note that for any D ∈ D it is allowed that both (i; j) ∈ D and (j; i) ∈ D as long as i = j. In this paper, we address the problem of ranking the nodes in a digraph using the outdegree of these nodes.
A preorder on N is a relation R ⊂ N × N that is re exive (i.e., (i; i) ∈ R for all i ∈ N ) and transitive (i.e., {(i; j); (j; h)} ⊂ R implies (i; h) ∈ R for every triple i; j; h ∈ N ). (See [2, p. 133] .) A preorder R on N is complete if {(i; j); (j; i)} ∩ R = ∅ for every pair i; j ∈ N , i = j. Throughout this paper we limit our discussion to complete preorders.
Using standard notation for a complete preorder R we denote i ¡ j if and only if (i; j) ∈ R. Further we denote i j if and only if i ¡ j and not j ¡ i, and we denote i ∼ j if and only if i ¡ j as well as j ¡ i. If i ¡ j then we say that node i is "ranked at least as high" as node j, while if i j we say that i is "ranked higher" than j. If i ∼ j then i and j are "ranked equally." We denote the family of all complete preorders on the set N by W.
A ranking method is a mapping R : D → W which assigns to every digraph D ∈ D on N a complete preorder R(D) ∈ W. With slight abuse of notation we use the convention that a ranking method is also represented by
Useful applications of ranking methods can be found in ranking teams in sports competitions and ranking alternatives in social choice theory (see, e.g., [9] ). In this paper, we discuss the ranking method that ranks the nodes according to their outdegree, i.e., the number of outgoing arcs. (For an axiomatization of the outdegree as a relational power measure for digraphs we refer to [4] .) This ranking method is usually applied to the restricted class of tournaments.
Clearly, every tournament is a complete digraph. 1 We denote the collection of all complete digraphs on N by C ⊂ D and the class of all tournaments on N by T ⊂ C ⊂ D.
On the class of tournaments T Rubinstein [7] characterized the ranking by outdegree using the following three axioms. Anonymity states that permuting the nodes in a digraph permutes the ranking accordingly. Positive responsiveness states that if i is ranked at least as high as j, then increasing the outdegree of i makes i being ranked higher than j. Finally, independence of irrelevant arcs states that the order between two nodes does not change if changes only take place with respect to arcs on which they are neither the predecessor nor the successor.
In Section 2, we generalize this result by characterizing the ranking by outdegree for arbitrary digraphs. An alternative generalization of Rubinstein's result is presented in [3] which characterizes the ranking by Copeland score for arbitrary digraphs, introduced by Copeland [5] . This ranking method ranks the nodes according to the di erence between outdegree and indegree. In Section 3, we compare these two ranking methods, and argue why we assess the ranking by outdegree and the axiomatization given here to be more in line with Rubinstein's result than the ranking by Copeland score.
Ranking by outdegree
The method of ranking by outdegree is the ranking method 
Axiom 2.2 (Positive responsiveness)
. Let D ∈ D and i; j; h ∈ N; i =j be such that
Independence of non-dominated arcs generalizes Rubinstein's independence of irrelevant arcs and states that the order between two nodes does not change if changes only take place in arcs on which they are not the predecessors. Proof. We leave it to the reader to check that the method of ranking by outdegree satisÿes the three stated axioms.
To show the reverse, let {¡ D | D ∈ D}⊂W represent a ranking method that satisÿes the three stated axioms. Let D ∈ D and i; j ∈ N be arbitrary. To
we distinguish the following two cases. Case A. We ÿrst consider that
For this digraph it holds that S D (i)=SD(i) and S D (j)=SD(j). We ÿrst prove that i∼Dj. We distinguish the following four cases with respect to the pair i; j:
The digraphD in this case is illustrated in Fig. 1 . 
. Since also i ∈ SD(j) ∪ PD(j) it follows that #A = #B. Consider the permutation 1 on N given by 1 (i) = j, 1 (j) = i, and 1 (h) = h for all h = i; j. Anonymity applied to 1 andD implies
The digraphD in this case is illustrated in Fig. 2 . Since out i (D)= out j (D) and i ∈ (SD(j)∩PD(j)) it follows that #A=#B. Similarly as in case (i), anonymity implies that i ∼D j.
The digraphD in this case is illustrated in Fig. 3 . Note that here again #A = #B. Let A = {a 1 ; : : : ; a t } and B = {b 1 ; : : : ;
where for every k ∈ {1; : : : ; t}
Digraph D is illustrated in Fig. 4 in case A = {a}, B = {b}, and C = E = ∅. Note that in general the digraph D restricted to the nodes in N \ (E ∪ C) is a tournament. Within D the positions of {i; j; h} ∪ A ∪ B are symmetric. 2 On the set N we now deÿne the permutation 2 as follows: • for every h ∈ N \{i} and g ∈ N it holds that (h; g) ∈D if and only if (h; g) ∈ D.
As shown above it follows from anonymity and independence of non-dominated arcs that i ∼D j. Repeated application of positive responsiveness then yields that i D j.
From Cases A and B it directly follows that i
Thus, if a ranking method satisÿes the three axioms then it has to be the ranking by outdegree.
Note that the outline of the proof is the same as in Rubinstein [7] , but cases A and B are di erent from his proof since for tournaments one can use the fact that j ∈ S D (i) implies that j ∈ P D (i) for all i; j ∈ N , i = j.
Logical independence of the axioms
The logical independence of the three axioms discussed above follows from the following examples of three alternative ranking methods: 
. This ranking method satisÿes anonymity and positive responsiveness. It does not satisfy independence of non-dominated arcs.
Comparison with ranking by Copeland score
The ranking method R 3 given at the end of the previous section is also known as the method of ranking by Copeland score, seminally introduced by Copeland [5] . The Copeland score Since S D (i) ∩ P D (i) = ∅ for all i ∈ N and D ∈ T, for tournaments the ranking by outdegree and the ranking by Copeland score are the same. So, both the ranking by outdegree and the ranking by Copeland score generalize the ranking method for tournaments that is characterized in [7] . However, Example 3.1 shows that these two ranking methods are di erent on D. (Fig. 5) .
The outdegree, respectively, the Copeland score, of this digraph are given by out (D) = (2; 2; 2; 1), respectively, cop (D) = (4; 3; 3; 2). So, according to the ranking by outdegree nodes 1, 2 and 3 are ranked equally (and higher than node 4), while according to the ranking by Copeland score node 1 is ranked higher than nodes 2 and 3.
On D the method of ranking by Copeland score is characterized by Bouyssou [3] . He shows that, besides anonymity and positive responsiveness, the ranking by Copeland score is characterized by independence of 2-and 3-cycles requiring that deleting or adding a cycle of length 2 or 3 to a digraph does not change the ranking of the nodes, and negative responsiveness, which requires that if i is ranked at least as high as j, then increasing the inscore of j makes i being ranked higher than j. The ranking by Copeland score does not satisfy independence of non-dominated arcs on D. On the other hand the ranking by outdegree does not satisfy independence of 2-or 3-cycles nor negative responsiveness for arbitrary digraphs.
We emphasize that independence of 2-and 3-cycles is not well deÿned on the class of complete digraphs C. Namely, if such a 2-or 3-cycle is removed from a complete digraph, the resulting digraph might no longer be complete. This is a serious drawback in Bouyssou's axiomatization of the ranking by Copeland score since it prevents a thorough comparison with Rubinstein's axiomatization of the ranking by Copeland score on the class of tournaments T ⊂ C.
A second argument in favor of the ranking by outdegree is the fact that independence of non-dominated arcs generalizes independence of irrelevant arcs, while independence of 2-or 3-cycles does not. To be complete we formally state independence of 2 or 3-cycles and independence of irrelevant arcs for arbitrary digraphs. So, this ranking partitions the set of nodes in two subsets. The "winners" are the ones that belong to the top cycle (see [8] ). It is easy to verify that ¡ top satisÿes independence of 2-or 3-cycles, but does not satisfy independence of irrelevant arcs.
Let the nodes in N be ordered by their labels 1; : : : ; n. Now we deÿne the rank-
This ranking method ranks the nodes according to their outgoing arcs to lower labelled nodes. This ranking method satisÿes independence of irrelevant arcs, but does not satisfy independence of 2-or 3-cycles.
Henriet [6] characterizes the ranking by Copeland score restricted to the class of so-called "complete 2-digraphs," i.e., modiÿed digraphs such that there are exactly two (possibly the same) arcs between every pair of nodes i; j ∈ N , i = j. We emphasize that this notion of 2-digraph is di erent from the notion of digraph D ⊂ N × N that we consider in this paper. In a 2-digraph a strict dominance of i over j is represented by twice the arc (i; j), while an equivalence between i and j is represented by (i; j) and (j; i) both being part of the 2-digraph. Besides anonymity and positive responsiveness stated for complete 2-digraphs, Henriet shows that the ranking by Copeland score satisÿes the independence of reversing cycles property requiring that reversing a cycle in a complete 2-digraph does not change the ranking of the nodes. Moreover, he shows that for complete 2-digraphs the ranking by Copeland score is characterized by these three properties.
Note that for complete 2-digraphs the ranking by Copeland score is the same as the ranking by outdegree where we deÿne the outdegree for such graphs as out i (D) = #{(h; j) ∈ D | h = i}. The main theorem in [3, p. 63] implies that it also satisÿes independence of reversing cycles on C. Clearly, the ranking by outdegree also satisÿes independence of reversing cycles on C. Since the ranking by Copeland score is not the same as the ranking by outdegree on C as shown in Example 3.1 it is not characterized by Henriet's properties on C.
We conclude by summarizing the properties of the ranking methods. Besides the ranking methods introduced above the following table also gives the ranking by indegree that is based on in (D). In this table we use the following abbreviations. IIA stands for "independence of irrelevant arcs," INDA stands for "independence of non-dominated arcs," I23C stands for "independence of 2-or 3-cycles," and IRC stands for "independence of reversing cycles."
